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1 Introduction:

Most of the recent mathematical methods meant for formal modelling,reasoning and computing
are crisp, accurate and deterministic in nature. But in ground reality, crisp data is not always the
part and parcel of the problems encountered in different fields like economics, engineering, social
science, medical science, environment etc. As a consequence various theories viz. theory of
probability, theory of fuzzy sets [2,7], theory of intuitionistic fuzzy sets [11,12], theory of vague
sets [14], theory of interval mathematics [12,13], theory of rough sets [6] have been evolved in
process. But difficulties present in all these theories have been shown by Molodtsov in [5]. The
cause of these problems is possibly related to the inadequacy of the parametrization tool of the
theories. As a result Molodtsov started the concept of soft theory [3,5,10,18] as a new
mathematical tool for solving the uncertainties which is free from the above difficulties. Presence
of vagueness demanded Fuzzy Soft Set [1,3,15] to come into picture. But satisfactory evaluation of
membership values is not always possible because of the insufficiency in the available information
( besides the presence of vagueness ) situation. Evaluation of non-membership values is also not
always possible for the same reason and as a result there exist an indeterministic part upon which
hesitation survives. Certainly fuzzy soft set theory is not suitable to solve such problems. In those
situations Intuitionistic Fuzzy Soft Set theory [16,17] may be more applicable. In our previous
paper[19] we have given some new operations in FSS and IFSS Theory and proved that certain De
Morgan's laws hold in FSS theory, as well as IFSS theory with respect to these new operations.In
the present paper we establish some properties ( associative, distributive ) of FSS and IFSS with
respect to these new operations.

2 Preliminaries:

We recall the definitions of Soft Set, Fuzzy Soft Set and Intuitionistic Fuzzy Soft Set with
examples. Then we call back to mind, the extended, restricted union and the extended, restricted

intersection property of Soft sets (or, FSS, or, IFSS) over the common universe.

2.1 Soft Sets: [18].
Let U be an initial universe set and E be a set of parameters. Let P(U) denotes the power set of U.

Let Ac E.Apair(F,A) s called a soft set over U, where F is a mapping givenby, F: A—P(U)
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In other words, a soft set over U is a parameterized family of subsets of the universe U.

2.11 Example:
Let U be the set of four dresses, given by,
U= {d,,d,,d,;,d,}
Let E be the set of parameters, given by,
E = { costly, cheap, comfortable, beautiful gorgeous}
Let Ac E, given by,
A = { costly, cheap, comfortabk, beautiful } ={e,,e,,e;,e,} where
e, stands for the parameter costly,
e, stands for the parameter cheap,
e, stands for the parameter comfortable,
e, stands for the parameter beautiful.
Now suppose that,F is a mapping, defined as dresses(.) and given by,
F(e)={d,.d,},
F(e,) ={d,,d;},
F(e;) ={d,,d.},
F(e,) ={d,}.
Then the Soft Set
(F, A) ={ costly dresses={d,,d,},
cheap dresses={d,,d.},
comfortable dresses={d,,d,},

beautifuldresses={d,}}

2.2 Fuzzy Soft Sets: [1].

Let U be an initial universe set and E be a set of parameters(which are fuzzy words or sentences
involving fuzzy words). Let P(U) denotes the set of all fuzzy sets of U. Let Ac E. A pair (IE, A)
is called a fuzzy soft set (FSS) over U, where F isa mapping given by, F:A- PU).
2.21. Example:

Let U be the set of four cities, given by, U= {C,,C,,C,,C,}. Let E be the set of parameters
(‘each parameter is a fuzzy word ), given by,

E = { highly, immensely, moderately, average less }

Let Ac E, given by,

A = { highly, immensely, moderately, less } ={e,,e,,e;,e,} where

e, stands for the parameter highly,

e, stands for the parameter immensely,

e, stands for the parameter moderately,

e, stands for the parameter less.

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., [Js-NMECEEL-MITIE! as well as in Cabell’s Directories of Publishing Opportunities, U.S.A.

International Journal of Physical and Social Sciences
http://www.ijmra.us



May
2012

11PSSERRTAPSC I S SN : 2249-5894

Now suppose that,
F(e,) ={C//.2,C,/.9,C,/.4,C,/ .6},
F(e,) ={C,/1,C./.3,C,/.4},
F(e,) ={C,/.3,C,/.4,C,/.8},
F(e,)={C/9,C,/.1,C,/.5,C,/.3}
Then the Fuzzy Soft Set
(F, A) ={highly polluted city ={C,/.2,C,/.9,C,/.4,C,/.6},
immensely polluted city={C,/1,C,/.3,C,/.4},
moderately polluted city={C,/.3,C,/.4,C,/.8},
less polluted city={C,/.9,C,/.1,C,/.5,C,/.3}}

2.3 Intuitionistic Fuzzy Soft Sets: [17].

Let U be an initial universe set and E be a set of parameters. Let P(U) denotes the set of all
intuitionistic fuzzy sets of U. Let Ac E. A pair (F, A) is called an intuitionistic fuzzy soft set(
IFSS ) over U, where F is a mapping given by, F:A— P(U).

2.31. Example:

Let U be the set of four cities, given by, U= {C,,C,,C,,C,}. Let E be the set of parameters
( each parameter is a intuitionistic fuzzy word ), given by,

E = { highly, immensely, moderately, average less }.

Let Ac E, given by,

A = { highly, immensely, moderately; less }

= {e8;.8;,8,}

where e, stands for the parameter highly,

e, stands for the parameter immensely,

e, stands for the parameter moderately,

e, stands for the parameter less.

Now suppose that,

F(e,) ={C//(.2,.7),C,/(.8,.1),C,/(:4,.2),C,/(.6,.3)},

If(ez) ={C,/(.9,.1),C,/(.3,.6),C,/(.4,.6)},

F(e,) ={C//(:3,5),C,/(.4,.6),C./(.8,.1)},

F(e,) ={C,/(.9,.1),C,/(.1,8),C,/(5,4),C,/(.3,5)}

Then the Intuitionistic Fuzzy Soft Set
(F, A) = {highly pollutedcity ={C,/(.2,.7),C,/(:8,.1),C,/(.4,.2),C,/(.6,.3)},
immensely polluted city={C,/(.9,.1),C,/(.3,.6),C,/(:4,.6)},
moderately polluted city={C,/(.3,.5),C,/(.4,.6),C,/(.8,.1)},
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less polluted city={C,/(.9,.1),C,/(.1,.8),C,/(5,.4),C,/(.3,5)}}

Now we recall some properties of FSS and IFSS.
2.4 Extended Union of two FSS (or, IFSS ): [19]

The extended union of two fuzzy soft sets (F, A) and ((§, B) over a common universe U
is the FSS (H,C), where C= AUB and VeeC,
F(e), if ec(A—B)
H(e) ={G(e), if ec(B—A)
F(e)OG(e), if esANB

We write,
((F, A) O, (G, B)) = (H,C) [for FSS] and
(B, A) O, (G, B)) = (H,C) [for IFSS]

2.5 Restricted Union of two FSS (or, IFSS ):[19]

Let (IE,A) and (é,B) be two fuzzy soft sets over a common universe U such that
AnB=¢ ( null set ). The restricted union of (F,A) and (é,B) is denoted by
((F,A) O, (G,B)) [or, ((F,A)y (G,B)) for IFSS ] and is defined as,

((F,A) O, (G,B)) = (H,C), whereC= AnB and

VC&C,l:l(C):IE(C)CJé(C) [where O is the operation fuzzy union of two fuzzy sets.]

2.6 Extended Intersection of two FSS ( or, IFSS): [19]

The extended intersection of two fuzzy soft sets (F,A) and (é,B) over a common
universe U is the FSS (H,C), whereC= AUB and VeeC,
F(e), if es(A—B)
H(e) ={G(e), if ec(B—A)
Fe)AG(e), if esANB

We write,
((F, A) A, (G, B)) = (H,C) [for FSS] and
((F, A) A (G, B)) = (H,C)[for IFSS]

2.7 Restricted Intersection of two FSS (or, IFSS ):[19]
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Let (F,A) and (é,B) be two fuzzy soft sets over a common universe U such that
AnB=¢ ( null set ). The restricted intersection of (F,A) and (G,B) is denoted by
((F,A) A (G, B))[or, ((F,A) A, (G,B)) for IFSS] and is defined as,

((F,A) A, (G,B))=(H,C), whereC= AnB and

vceC, ﬁ(c) = E(c)ﬁé(c) [where A is the operation fuzzy intersection of two fuzzy

sets.]
Properties:
Throughout this paper U refers to an initial universe, P( U ) is the power set of U. A, B, C

are sets of parameters. A\[or,A] denotes the operation fuzzy intersection[or, intuitionistic fuzzy
intersection] and Ofor,A] denotes the operation fuzzy union[or, intuitionistic fuzzy union].

3 Associative Property of Fuzzy Soft Sets and Intuitionistic Fuzzy Soft Sets

w.r.t. extended union over the same universe:

Let (F,A), (5, B), (H,C) are three FSS (or, IFSS ). Then we have to prove,
(F,A) T (G, B) T (H,C)) = (F, A Tc (G, B) T (H,C)
Proof:

G(e), if eg(B-C)
LH.S = (F,A) T, (O,D) where D=BuUC and O(e) = {H (e), if ec(C—B)
GEe)TH(e), if esBNC

= (L,E)

where E= AuD=Au(BuUC) and

F(e), if ecA—(BUC) ie.if es(A—B)~(A-C)
L(e) ={0(e), if ec(D—A) ie.,if es(B—A)uU(C-A)
F(e)DO(e), if esAND ie, if esAn(BUC)
F(e), if es(A—B)(A-C)
G(e), if es(B—C)N(B-A)
H (e), if es(C-B)N(C-A)
ie., L(e)=1G(e)TH(e), if es(B—A)N(C-A)
F(e)OG(e), if es(B—C)n(A-C)
F(e)TH(e), if ec(A—B)n(C-B)
F@e)O(GEe)TH(e)), if esAnBAC
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RH.S =((F,A) . (G,B)) I, (H,C)
F(e), if ec(A—B)
= (I,K) O, (H,C)[ where K = AUB and I () ={G(e), if ec(B-A)]
Fe)OG(e), if esANB
=(J,M)whereM = K UC = (AUB)UC = AU(BUC)
[ by the associative propertyof crisp sets ] and

1(e), if ec(K —C), ie., if es(A—C)uU(B-C)
J(€)={H(e), if ec(C—K), ie,, if es(C—A)uU(C-B)
1(e)TH(E), if eeKNC, ie,if es(AUB)NC
Ie.,
F(e), if ec(A—B)n(A-C)
G(e), if ec(B—A)n(B-C)
F(e) UG(e), if ec(A—C)n(B-C)
H (e), if e2(C—A)n(C-B)
F(e) O H(e), if es(A—B)n(C-B)
G(e) O H(e), if ec(B—A)N(C-A)
(F(e)OG(e)) U H(e)ieF () U(G(e) T H(e)), if esAnBAC
(by associative propertyof fuzzy sets)

Now (L,E) and (J,M) are two fuzzy soft sets (or, intuitionistic fuzzy soft set) over the

common universe, where

)

i) EcM and
i) VeeE, L(e) isafuzzy subset (or, IF subset) of J(e).
—(L,E) is a fuzzy soft subset (or, intuitionistic fuzzy soft subset) of (J,M).

Again, i)M c E and

i) VeeM, j(e) is a fuzzy subset ( or, IF subset ) of E(e)

= (3, M) is a fuzzy soft subset ( or IF soft subset ) of (I:, E). 2
Combining (1) and (2),we-can conclude that, (L,E) and (J,M) are equal FSS (or, IFSS

) over the common universe. Hence proved.

Verification of this property by examples:
3.1 Example for FSS
Let U be the set of four factories, say, U = {F,,F,,F;,F,}. Let A,B,C be three sets of

parameters, given by,

A = { good, poor }
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B = {assured, good }
C = {assured, good, poor }

Now let (F,A) denotes work culture of the factory,
(é, B) denotes production of the factory,
(H,C) denotes quality of the products of the factory
g~iven by,
F (good) = {F/8,F,/2,F/5F,/ 4}
F (poor) = {F/.2,F,/.7,F,/.4,F,/.6}
G (assured ) = {F./.9,F,/.3,F,/.6,F,/.5}
G (good) = {F,/.7,F,/.2,F,/.4,F,/5}
H (assured ) = {F,/.8,F,/.3,F,/.4,F,/.4}
H (good ) = {F,/.8,F,/.3,F,/.4,F,/.4}
H (poor) = {F/.1,F,/.6,F,/.3,F,/.6}
Now consider,
(F.A)Te (G B) e (H.C))
=(F,A) U, (O, D)[ where D = BuC ={ assured, good, poor }
and 6(assured) ={F/9,F,/.3,F,/.6,F,/.5},
O( good ) ={F,/.8,F,/.3,F,/.4,F,/ 5}
O( poor) ={F,/.1,F,/.6,F,/.3,F,/.6}]
= (I:, E) where E = AuD ={ assured, good, poor }
and L (assured) ={F./.9,F,/.3,F,.6,F,/.5},
L( good) ={F./.8,F,/.3,F,/.5,F,/.5},
L( poor) ={F./.2,F,/.7,F,l.4,F,/.6}

Next consider,

((F. AT (G.B) Tk (H,0)

=(1,K) O (H,C)[ where K = AuB ={ assured, good, poor }
and I (assured ) ={F./.9,F,/.3,F,..6,F,/.5},

1 ( good) ={F,/.8,F,/.2,F,/.5,F,/.5},

1 (poor ) ={F./.2,F,l.7,F,/.4,F,/.6}]

= (3, M)[ where M = K uC ={ assured, good, poor }
and J( assured) ={F,/.9,F,/.3,F./.6,F,/.5}

J(good ) ={F,/.8,F,/.3,F,/.5,F,/.5}

J(poor) ={F./.2,F,/.7,F,/.4,F,/.6}]
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Here (L,E) and (J,M) are two FSS which satisfy the following properties,

I)Ec M and

ii) VesE,L(e) isa fuzzy subset of J(e).

=(L,E)S(J, M) 3)

Similarly, (J,M) & (L,E) (4)

Combining (3) and (4) we have, (L,E) and (J,M) are fuzzy soft equal. Hence the

associative property of FSS w.r.t extended union over the common universe is verified by this
example.

3.2 Example for IFSS.
Let U be the set of four cities, say, U = {C,,C,,C;,C,}. Let A, B, C be three sets of

parameters,given by,

A = { huge average low }

B = {large average}

C = { huge average}

Now let (F,A) denotes population of the cities,
(G,B) denotes area of the cities,

(H,C) denotes pollution in the cities

given by,

F (huge) = {C,/(.8,.1),C,/(.3,5),C,/(1,0),C,/(.6,.2)}

F (average ) = {C,/(:6,.3),C,/(.8,.2),C./(.2,.4),C,/(.4,.2)}

F (low) = {C,/(.2,.6),C,/(.7,.2),C,/(0,1),C,/(.4,.3)}

G (large) = {C,/(:4,.3),C,/(.8,.1),C./(.9,.1),C,/(5,.2)}

G (average ) = {C,/(.7,.2),C,/(5,.3),C,/(.1,.5),C,/(.6,.3)}

H (huge ) = {C,/(.7,.1),C,/(.4,.3),C,/(.8,.1),C,/(.5,3)}

H (average ) = {C,/(.6,.2),C,/(.7,.2),C,/(.3,.6),C,/(.5,.4)}

Now consider,
(F,A) e ((G,B) e (H,C))
=(F, A) O (6, D)[ where D = BuUC ={large, average huge }
and O(large) ={C,/(.4,3),C,/(.8,.1),C,/(.9,.1),C,/(5,2)},
é(average) ={C/(.7,2),C,/(.7,2),C,/(.3,5),C,/(.6,.3)},
O(huge) ={C,/(.7,.1),C,/(4,.3),C,/(.8,.1),C,/(.5,.3)}]
= (L, E)[ where E = AuD = Au(BuUC) ={ huge, average low, large}
and L( huge) ={C,/(.8,.1),C,/(:4,.3),C,/(1,0),C,/(.6,.2)}
L( average) ={C,/(.7,.2),C,/(.8,.2),C./(.3,.4),C,/(.6,.2)}
L(low) ={C,/(.2,.6),C,/(.7,.2),C,/(0,1),C,/(.4,3)}]
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L(large ) ={C,/(.4,.3),C,/(.8,.1),C./(.9,.1),C,/(5,.2)}]

Next consider,
((F.A) e (G,B)) e (H,C)
= (I,K) e (H,C)[ where K = AUB ={ huge, average low}
and T(huge) ={C,/(.8,.1),C,/(.3,.5),C./(1,0),C,/(.6,.2)}
I (average) ={C,/(.7,.2),C,/(.8,.2),C,/(.2,.4),C,/(:6,.2)}
I(low)={C/(.2,.6),C,/(.7,.2),C,/(0,1),C,/(4,3)}
I (large) ={C,/(.4,.3),C,/(:8,.1),C./(.9,.1),C,/(.5,.2)}
=(J,M)[ where M = K UC = (AUB)UC ={ huge, average low}
and J( huge) ={C,/(:8,.1),C,/(.4,.3),C,/(1,0),C,/(.6,.2)}
J(average) ={C,/(.7,.2),C,/(.8,.2),C./(.3,.4),C,/(.6,.2)}
J(low) ={C,/(:2,.6),C,/(.7,.2),C,/(0,1),C,/(.4,3)}]
J(large) ={C,/(4,.3),C,/(.8,.1),C,/(.9,.1),C,/(.5,.2)}

Here (L,E) and (J,M) are two IFSS over the common universe where
N)EcM
i) VeeE, L(e) is a intuitionistic fuzzy subset of J(e). (5)
[ denotesintuitionstic fuzzy soft subsef]
Similarly, (J,M)& (L,E) (6)
Combining (5) and (6) we conclude that, (L,E) and (J,M) are IFS equal. Hence the

associative property of IFSS w.r.t extended union over the common universe is verified by this
example.

4  Associative Property of Fuzzy Soft Sets and Intuitionistic Fuzzy Soft Sets

w.r.t. restricted union over the same universe:

Let (F,A), (G,B), (H,C) arethree FSS (or, IFSS ). Then we have to prove,
(F, A) Cr ((G,B) O (H,C)) = ((F, A) Ok, (G, B)) Tk (H,C)
Proof:

L.H.S = (F, A) O, (O, D)[ where D=B~C and VdeD,
5(d) = C~5(d) O I—~|(d)(where O istheoperation fuzzyunionof two fuzzy sets)]
= (L,E)
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whereE= AnD=ANn(BNC) and VeeAn(BNC)

L(e) = F(e) JO(e)
= F(e) O(G(e) TH(e))

RH.S = ((F,A) I, (G,B)) T, (H,C)
=(I,K) T, (H,C)[ where K = AnB and 1 (e) = F(e) OG(e)VesA B
=(J,M)whereM =K ~C = (AnB)~C = An(BNC)
[ by the associative propertyof crisp sets |
and YesAn(BNC)

JE€)=1()TH(e)

= (FE OG(e)TH(E)

=Fe)O(GE)OH(@E)

[ by the associative propertyof fuzzy sets(or, intuitionstic fuzzy sets) ]

Now (L,E) and (J,M) are two fuzzy soft sets (or, intuitionistic fuzzy soft set) over the

common universe,where
i) Ec M and

i) VesE,L(e) isa fuzzy subset (or, IF subset) of J(e).
— (L,E) is a fuzzy soft subset (or, intuitionistic fuzzy soft subset) of (J,M).

(7)
Again, ()M c E and

(i) VeeM, J (e) is a fuzzy subset (or, IF subset ) of L(e).
= (3, M) is a fuzzy soft subset ( or IF soft subset ) of (E, E). (8)

Combining (7) and (8),we can conclude that, (L,E) and (J,M) are equal FSS (or, IFSS

) over the common universe. Hence proved.
4.1 Example for FSS
Consider example 3.1. Now

(F.A) 5x (G.B)Tg (H.C))

=(F, A) U, (O, D)[ where D =B~C ={ assured, good }
and O(assured) ={F,/.9,F,/.3,F,/.6,F,/.5},

O( good ) ={F,/.8,F,/.3,F,/.4,F,/5}

= (I:, E) where E= AnD={good }

and L( good) ={F,/.8,F,/.3,F,/.5,F,/.5}

Next
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(F. AT (G.B) Ty (H.C)

=(1,K) Oy (H,C)[ where K = AnB ={ good }
and I ( good) ={F./.8,F,/.2,F./.5,F,/.5},
=(J,M)[ where M =K ~C ={ good }

and J(good ) ={F,/.8,F,/.3,F./.5,F,/.5}]

Here (L,E) and (J,M) are two FSS which satisfy the following properties,

)EcMand

i) VeegE,L(e) isafuzzy subset of J(e).
= (L,E)E(J, M) 9)
Similarly, (J,M)& (L,E) (10)

Combining (9) and (10) we have, (L,E) and (J,M) are fuzzy soft equal. Hence the

associative property of FSS w.r.t restricted union over the common universe is verified by this
example.
4.2 Example for IFSS
Consider Example 3.2. Now

(F,A) U ((G,B) Iy (H,C))

= (F, A) U, (O, D)[ where D=B~C ={ huge}

and O( huge) ={C,/(.7,.1),C,/(4,.3),C,/(.8,.1),C,/(.5,.3)}]
= (L,E)[ where E= AnD = An(BNC) ={ huge}

and L( huge) ={C,/(8,.1),C,/(:4,.3),C./(1,0),C,/(.6,.2)}]

Next
((F, A) O (G,B)) Uy (H,C)
= (I,K) Uy (H,C)[ where K = AnB ={ huge, average}
and I( huge) ={C/(.8,.1),C,/(.3,.5),C./(1,0),C,/(:6,.2)}
f( average) ={C,/(.7,.2),C,/(.8,.2),C,/(.2,.4),C,/(.6,.2)}]
=(J,M)[ where M =K nC = (ANB)NC ={ huge}
and J( huge) ={C,/(:8,.1),C,/(:4,.3),C./(1,0),C,/(:6,.2)}]

Here (L,E) and (J,M).are two IFSS over the common universe where
)EcM

i) VeecE, L(e) is aintuitionistic fuzzy subset of J(e).

= (L,E)c (3, M) (11)

[ © denotes intuitionistic fuzzy soft subset]

Similarly, (J,M)& (L, E) (12)
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Combining (11) and (12) we conclude that, (L,E) and (J,M) are IFS equal. Hence the

associative property of IFSS w.r.t restricted union over the common universe is verified by this
example.

5 Associative property of FSS ( or, IFSS ) w.r.t extended intersection over

the common universe:

Let ( F, A), (G, B), (H, C) are three FSS ( or, IFSS ). Then we have to prove,
(F,A) e ((G,B)"e (H,C))) = ((F,A)"e (G,B)) e (H,C)
Proof:

LH.S=(F,A) " ((G,B)~: (H,C))
G(e), if ec(B—C)
= (F, A) A, (O, D)[ where D =BuUC and O(e) =< H (e), if ec(C-B)
Ge)AH(), if esBNC
(where A is the operation fuzzyintersection of two fuzzy sets.)]
=(L,E)

where E= AuD=Au(BUC)=(AuB)uUC [by associative property of crisp set] and

F(e), if ecA—(BUC) ie., if ec(A-B)(A-C)
L(e) ={0(e), if ee(D—-A) ie., if es(B—A)U(C—A)
F(e)nO(e), if esAnD ie,if esAn(BUC)
F(e), if ec(A-—B)N(A-C)
G(e), if e2(B—C)n(B-A)
H (e), if es(C-B)n(C—A)
ie., L()={G(e)~H(e), if es(B—A)N(C-A)
F(e)AG(e), if ec(B—C)n(A-C)
F(e) A H (e), if ec(A—B)N(C-B)
F@e)A(GEe)AHE), if esAnBAC

RH.S.=((F, A~ (G,B) A (H,C)
F(e), if ec(A—B)
=(1,K) A (H,C)[ where K = AUB and 1 (€) ={G(e), if ec(B—A)]
F(e)AG(e), if esANB
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=(J,M)whereM = K UC = (AUB)UC and

1 (e), if ec(K—-C), ie,, if ee(A—C)U(B-C)
J(e)=4H(e), if ec(C—K), ie,, if es(C—A)uU(C-B)
1(e)AH(@E), if esKNC, ie,if es(AUB)NC
F(e), if es(A—B)(A-C)
G(e), if es(B—A)n(B-C)
F(e) AG(e), if e(A—C)(B-C)
ie, J(€)=1{H(e), if es(C—A)(C-B)
F(e)AH(e), if es(A—B)(C-B)
G(e)AH (e), if es(B—A)N(C-A)
(F(e) AG(e)) A H(e)ie, F(e)A(G(e)AH () if esANBAC

[by associative property of fuzzy sets( or intuitionistic fuzzy sets).]
Now (L,E) and (J,M) are two fuzzy soft sets (or, intuitionistic fuzzy soft set) over the
common universe, where

i) EcM and

i) VesE,L(e) is afuzzy subset (or, IF subset) of J(e). = (L,E) is a fuzzy soft subset
(or, intuitionistic fuzzy soft subset) of (J,M). (13)

Again,

)M cE and

i) VeeM, J (e) is a fuzzy subset (or, IF subset ) of L (e)

— (J,M) is a fuzzy soft subset ( or IF soft subset ) of (L, E). (14)

Combining (13) and (14),we can conclude that, (I:, E) and (3, M) are equal FSS ( or,
IFSS ) over the common universe. Hence proved.

5.1 Verification of this property by an example ( for FSS ):
Let U be the set of four ponds,say, U = {R,,P,,P;,P,}.

Let A, B, C be three sets of parameters, given by,

A = { huge average}

B = { huge, average poor}

C = {average poor }

Now let (F,A) denotes Area of the ponds,

(G,B) denotes Amount of water in the ponds,

(H,C) denotes Commercial benefit from the ponds

given by,

F(huge) = {R/.8,R,/.2,R,/.5,P,/.4}

F(average )= {R/.3,R,/.2,R,/.9,P,/.7}

G(huge) = {P/.7,R,/1,R,/.4,P,/.5}

G(average) = {R/.4,R,/.3,P,/.8,P,/.6}
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G(poor) = {P/2,R,/6,R/8,P,/4}
H(average ) = {R/.2,R,/.3,R,/.7,P,[.7}
H( poor) = {R/.3,R,/.7,P,/.8,P,/.5}
Now consider,
(F. AP (G, B) A (H,0))
=(F,A) ¢ (O, D)[ where D = BuC ={ huge, average poor }
and O(huge) ={P/.7,P,/.1,P,/.4,P,/ 5},
O( average) ={P/.2,P,/.3,P,/.7,P,/.6}
O( poor) ={P/.2,P,/.6,P,/.8,P,/.4}]
= (I:, E) where E = AuD ={ huge, average poor }
and L(huge) ={P/.7,P,/.1,P,/.4,P,/.4},
L( average) ={P/.2,P,/.2,P,/.7,P,/.6},
L( poor)={P/.2,P,/.6,P,/.8,P,/.4}

Next consider,

((F. A~ (G, B)) A (H.C)

=(I,K)~e (H,C)[ where K = AUB ={ huge, average poor }
and 1 ( huge) ={R/.7,P,/.1,P,/.4,P,/.4},

1 (average) ={P/.3,P,/.2,P,/.8,P,/.6},

I (poor ) ={P,/.2,P,/.6,P,/.8,P,/.4}]

= (J~, M)[ where M = K UC ={ huge, average poor }
and J( huge) ={P,/.7,P,/.1,P,/.4,P,/ 4}

J(average) ={P/.2,R,/.2,P,/.7,P,/.6}

J(poor) ={P/.2,P,/.6,P,/.8,P,/.4}]

Here (L,E) and (J,M) are two FSS which satisfy the following properties,

i)EcMand

i) VeeE,L(e) is afuzzy subset of J(e).
= (L,E)E (I, M) (15)
Similarly, (J,M) & (L,E) (16)

Combining (15) and (16) we have, (I:, E) and (3, M) are fuzzy soft equal. Hence the

associative property of FSS w.r.t extended intersection over the common universe is verified by
this example.

5.2 Verification of this property by an example ( for IFSS ):
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Consider example 3.2.
F (huge) = {C,/(.8,.1),C,/(.3,.5),C,/(1,0),C,/(.6,.2)}
F (average ) = {C,/(.6,.3),C,/(.8,.2),C./(.2,.4),C,/(.4,.2)}
F (low) = {C,/(.2,6),C,/(.7,.2),C,/(0,1),C,/(:4,.3)}
G (large) = {C,/(4,.3),C,/(.8,.1),C,/(.9,.1),C,/(.5,.2)}
G (average ) = {C,/(.7,.2),C,/(5,.3),C,/(.1,.5),C,/(.6,.3)}
H (huge) = {C,/(.7,.1),C,/(.4,.3),C,/(.8,.1),C,/(.5,.3)}
H (average ) = {C,/(.6,.2),C,/(.7,.2),C./(.3,.6),C,/(.5,.4)}
Now consider,
(F, A A (G, B)Ag (H,C))
= (F, A) Ag (C3, D)[ where D = BuC ={large, average huge }
and é( large ={C,/(4,.3),C,/(.8,.1),C,/(.9,.1),C,/(,5,.2)}
O( average) ={C,/(6,.2),C,/(.5,.2),C./(.1,.2),C,/(5,3)}
O( huge) ={C,/(.7,.1),C,/(.4,3),C./(.8,1),C,/(5,.3)}
= (L, E)[ where E = AUD = Au(BuUC) ={ huge, average low, large}
and L( huge) ={C,/(.7,.1),C,/(.3,5),C,/(.8,.1),C,/(.5,3)}
L( average) ={C,/(.6,.3),C,/(.5,.2),C./(.1,.4),C,/(4,.3)}

Next consider,
(F, A (G, B) e (H,C)
= (I,K) A (H,C)[ where K = AU B ={ huge, average low, large }
and I (huge) ={C,/(:8,.1),C,/(.3,.5),C./(1,0),C,/(.6,.2)}
| (average) ={C,/(.6,.3),C,/(5,:3),C./(.1,5),C,/(.4,3)}
I (low)={C/(.2,.6),C,/(.7,.2),C,/(0,1),C,/(:4,3)}
=(J,M)[ where M = K UC = (AuB)UC ={ huge, average low, large }
and J( huge) ={C,/(.7,.1),C,/(.3,.5),C,/(.8,.1),C,/(5,.3)}
J(average) ={C,/(.6,.3),C,/(.5,.3),C,/(.1,.5),C,/(.4,3)}
J(low) ={C,/(.2,.6),C,/(.7,.2),C./(0,1),C,/(:4,.3)}]

Here (L,E) and (J,M) are two IFSS over the common universe where

)EcM
ii) VeeE,L(e) is a intuitionistic fuzzy subset of J(e).
=(L,E)S({d,M) (17)

[ denotesintuitionstic fuzzy soft subset].
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Similarly, (J,M)& (L,E) (18)
Combining (17) and (18) we conclude that, (L,E) and (J,M) are IFS equal. Hence the

associative property of IFSS w.r.t extended intersection over the common universe is verified by
this example.

6  Associative property of FSS ( or, IFSS ) w.r.t restricted intersection over

the common universe:

Let (F,A),(G,B),(H,C) arethree FSS (or, IFSS ). Then we have to prove,
Proof:
LH.S = (F, A) ™y ((G,B) A, (H,C))
= (F,A) ™~ (O, D) where D=B~C and VesD,0(e) = G(e) A H (e)
=(L,E)

where E= AnD = An(BNC) and Ve<E, L(e) = F(e) 2O(e) = F(e) 7 (G(e) A H (e))

RH.S =((F, A~ (G,B)) A, (H,C)
=(1,K) ™ (H,C)[ where K = AnB and VeeK, I (€) = F(€) nG(e)]

=(J,M
where M = Km(C = (,)Am B)NC = An(BNC) [ by associative property of crisp sets ] and
VeeM ,
J(e)
=1 (e)AH(e)
= (Fe)AGE)AH()
=F(e)A(Ge)AH(E)

[ by associatie propertyof fuzzy sets(or, IFS) ]

Now (I:, E) and (3, M) are two fuzzy soft sets (or, intuitionistic fuzzy soft set) over the

common universe,where
i) EcM and

i) VeeE, I:(e) is a fuzzy subset (or, IF subset) of J~(e) .

— (L, E) is a fuzzy soft subset (or, intuitionistic fuzzy soft subset) of (J,M)
ie., (L,E)E(J,M) (19)

Again, i)M c E and

i) VeeM, J (e) is afuzzy subset (or, IF subset) of L(e)
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— (J,M) is a fuzzy soft subset ( or IF soft subset ) of (L, E).
ie., (J,M)&(L,E) (20)
Combining (19) and (20)- we have, (E, E) and (3, M) are fuzzy soft equal. Hence the

associative property of FSS w.r.t extended intersection over the common universe is verified by
this example.

6.1 Verification of this property by an example ( for FSS):
Let U be the set of four ponds,say, U = {P,,P,,P;,P,}. Let A, B, C be three sets of

parameters, given by,

A = { huge average}

B = { huge, average poor}

C = {average poor }

Now let (F,A) denotes Area of the ponds,

(G,B) denotes Amount of water in the ponds,

(H,C) denotes Commercial benefit from the ponds

given by,

F(huge)= {R/8,R,/.2,R,/5,P,/4}

F(average) = {P/.3,R,/.2,R,/9,P,/.7}

G(huge) = {P/.7,R,/1,P,/.4,P,/5}

G(average ) = {P/4,P,/.3,R,/.8,P,/.6}

G(poor) = {R/.2,R,.6,R,/.8,P,/4}

H(average ) = {R/.2,R,/.3,R,/.7,P,/.7}

H( poor) = {R/.3,R,.7,P,/.8,P,/.5}

Now consider,
(F.A) A ((G.B)Ax (H.C))
=(F,A) (O,D)[ where D =B~C ={ average poor }
and O( average) ={P,/.2,P,/.3,P,/.7,P,/.6}
O( poor) ={P/.2,P,.6,P,/.8,P,/.4}]
= (E, E) where E = AnD ={ average}
and L( average) ={P/.2,P,/.2,P,..7,P,/.6}

Next consider,
((F. M)A (G.B) g (H,C)
=(I,K) g (H,C)[ where K = AnB ={ huge, average}
and I (huge)={P/.7,P,/.1,P,/.4,P,/.4},
1 (average) ={P/.3,P,/.2,P,/.8,P,/.6},
=(J,M)[ where M = K ~C ={ average}

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., [Js-NMECEEL-MITIE! as well as in Cabell’s Directories of Publishing Opportunities, U.S.A.

International Journal of Physical and Social Sciences
http://www.ijmra.us




May
2012

11PSSERRTAPSC I S SN : 2249-5894

and J( average) ={P/.2,P,/.2,P,/.7,P,/.6}]

Here (L,E) and (J,M).are two FSS which satisfy the following properties,

I)E <M and

1) VeegE,L(e) isa fuzzy subset of J(e).
= (L,E)E (I, M) (21)
Similarly, (J,M)& (L,E) (22)

Combining (21) and (22) we have, (I:, E) and (3, M) are fuzzy soft equal. Hence the
associative property of FSS w.r.t restricted intersection over the common universe is verified by
this example.

6.2 Verification of this property by an example (for IFSS):

Consider example 3.2.
F (huge) = {C,/(.8,.1),C,/(.3,.5),C,/(1,0),C,/(.6,.2)}
F (average ) = {C,/(.6,.3),C,/(.8,.2),C./(.2,.4),C,/(.4,.2)}
F (low) = {C,/(.2,.6),C,/(.7,.2),C,/(0,1),C,/(:4,.3)}
G (large) = {C,/(:4,.3),C,/(.8,.1),C,/(.9,.1),C,/(5,2)}
G (average ) = {C,/(.7,.2),C,/(5,.3),C,/(.1,.5),C,/(.6,.3)}
H (huge) = {C,/(.7,.1),C,/(:4,.3),C,/(.8,.1),C,/(.5,3)}
H (average ) = {C,/(6,.2),C,/(.7,.2),C./(.3,.6),C,/(.5,.4)}
Now consider,
(F, A A (G, B)A: (H,C))
= (F, A) A (O, D)[ where D = BNC ={ average}
and 6( average) ={C,/(.6,.2),C,/(.5,.3),C;/(.1,.6),C,/(.5,4)}
= (L, E)[ where E= AnD = An(BNC) ={ average}
and L( average) ={C,/(.6,.3),C,/(:5,.3),C,/(.1,.6),C,/(.4,.4)}]

Next consider,
((F, A) Ay (G, B)) A (H,C)
= (I,K) A (H,C)[ where K = AnB ={ average}
and I( average) ={C,/(.6,.3),C,/(,5,.3),C,/(.1,5),C,/(.4,.3)}
=(J,M)[ where M =K nC =(AnB)NC ={ average}
and J( average) ={C,/(.6,.3),C,/(.5,.3),C,/(.1,.6),C,/(.4,4)}]

Here (L,E) and (J,M) are two IFSS over the common universe where
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EcM

ii) VeeE,L(e) is a intuitionistic fuzzy subset of J(e).

= (L,E)S(J,M) (23)

[S denotes intuitionistic fuzzy soft subset]

Similarly, (J,M)& (L, E) (24)

Combining (23) and (24) we conclude that, (L, E) and (J,M) are IFS equal.Hence the

associative property of IFSS w.r.t restricted intersection over the common universe is verified by
this example.

7  Distributive property of extended union of FSS (or, IESS) w.r.t extended

intersection over the common universe may not hold:

7.1  Verification of this statement by two examples :

Example 7.1:

Let U be the set of four cities, say, U = {C,,C,,C;,C,}. Let A,B,C be three sets of
parameters,given by,

A = { huge average low }

B = {large average}

C = { huge, average}

Now let (IE,A) denotes population of the cities,

((3, B) denotes area of the cities,

(H,C) denotes pollution in the cities.
g~iven by,
F (huge) = {C,/.8,C,/.3,C,/1,C,/.6}
F (average ) = {C,/.6,C,/.8,C,/.2,C,/.4}
F (low) = {C,/.2,C,/.7,C,/0,C,/.4}
G (large) = {C,/.4,C,/.8,C,/.9,C,/.5}
G (average ) = {C,/.7,C,/.8,C,/.2,C,/.4}
H (huge) = {C,/.7,C,/.2,C./.9,C,/ 5}
H (average ) = {C,/.5,C,/.7,C,/.1,C,/.3}
Now consider,
(F.A)Oe (G, B)Ae (H.C))
=(F,A) U, (O,D),[ where D =BuC ={ large, average huge }
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and O(large) ={C,/.4,C,/.8,C,/.9,C,/.5}

O(average) ={C,/.5,C,/.7,C,/.1,C,/.3}

O(huge) ={C,/.7,C,/.2,C,/.9,C,/ .5}

= (I:, E)[ where E= AuD = Au(BuUC) ={large, average huge, low}
and L (large) ={C,/.4,C,/.8,C./.9,C,/.5}

L (average) ={C,/.6,C,/.8,C,/.2,C,I.4}

L (huge) ={C,/.8,C,/.3,C,/1,C,/.6}

L( low) ={C,/.2,C,/.7,C,/0,C,/.4}]

Next consider,
((F, A) T (G, B)) e ((F, A) O (H,C))
= (T, K) e (3, M)[ where K = AuB ={ huge, average low, large },
M = AuC ={ huge average low }

I (huge) ={C,/.8,C,/.3,C,/1,C,/.6}
I (average) ={C,/.7,C,/.8,C,/.2,C,/.4}
1 (low) ={C,/.2,C,/.7,C,/0,C,/.4}
1 (large) ={C,/.4,C,/.8,C,/.9,C,/.5},

and J( huge)={C,/.8,C,/.3,C,/1,C,/.6}
J(average) ={C,/.6,C,/.8,C,/.2,C,/.4}
J(low) ={C,/.2,C,/.7,C,/0,C,/.4}]
= (N, P)[ whereP = KM ={large, average huge, low }and
N (large) ={C,/.4,C,/.8,C,/.9,C,/.5},

N (average) ={C,/.6,C,/.8,C,/.2,C,/.4}
N (huge ) ={C,/.8,C,/.3,C,/1,C,/.6}
N(low)={C,/.2,C,/.7,C,/.4}

Here it is clear that (L,E) isa FS subset of (N,P) and viceversa.Therefore (L,E) and
(l\~l, P) are two equal FSS.

Therefore here (F,A)O; ((G,B) A (H,C)) = ((F, A) Tk (G, B)) A ((F, AT, (H,C)) .
Hence the distributive property of FSS w.r.t union over the common universe holds in this
example.
Example 7.2:
Let U be the set of four dresses, say, U = {d,,d,,d;,d,}. Let A,B,C be three sets of
parameters,given by,
A = { high, cheap }

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., [Js-NMECEEL-MITIE! as well as in Cabell’s Directories of Publishing Opportunities, U.S.A.

International Journal of Physical and Social Sciences
http://www.ijmra.us



May
2012

M Volume 2, Issue 5

ISSN: 2249-5894

B = { high, cheap, assured }
C = { high, assured }
Now let (F,A) denotes cost of the dresses,
(é,B) denotes quality of the dresses,
(I:I,C) denotes attractiveness of the dresses,
g~iven by,
F (high) = {d,/.8,d,/.5,d,/.2,d,/.6}
F (cheap) = {d,/.2,d,/.3,d,/.4,d,/.5}
G (high) = {d,/.8,d,/.3,d,/.4,d,/.5}
G (cheap) = {d,/.1,d,/.4,d,/.3,d,/.6}
G (assured ) = {d,/.9,d,/5,d./.3,d,/.7}
H (high) = {d,/.3,d,/.5,d,/.7,d,/.8}
H (assured ) = {d,/.2,d,/.5,d,/.8,d,/.8}
Now consider,
(F, A T ((G,B) e (H,C))

= (IE, A) O (5, D)[where D = BuUC ={ high, cheap, assured }

andO(high) ={d,/.3,d,/.5,d,/.7,d,/.8}

O( cheap) ={d,/.1,d,/.4,d,/.3,d,/.6}

O( assured ) ={d,/.2,d,/.5,d,/.3,d,/.7}]

= (I:, E) whereE = AuD = Au(BnC) ={ high, cheap, assured }

and L(high) ={d,/.8,d,/.5,d,/.7,d,/.8}

L( cheap)={d,/.2,d,/.4,d,/.4,d,/.6}

L( assured) ={d,/.2,d,/.5,d,/.3,d,/.7}

Next consider,

((F,A) Tk (G, B)) A ((F, AT (H,C))

=(1,K)Ae (J,M)[ where K = AUB ={ high, cheap, assured },

M = AuC ={ high, cheap, assured }
I ( high) ={d,/.8,d,/.5,d./.4,d,/.6}
I (cheap) ={d,/.2,d,/.4,d,/.4,d,/.6}
1 (assured) ={d./.9,d,/.5,d,/.3,d,/.7}

andJ (high) = {d,/.8,d,/.5,d,/.7,d,/.8}

J (cheap) ={d,/.2,d,/.3,d,/.4,d,/.5}

3( assured)={d,/.2,d,/.5,d,/.8,d,/.8}]
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= (ﬁ, P)[ whereP = K UM ={ high, cheap, assured }
and I\~l(high) ={d,/.8,d,/.5,d,/.4,d,/.6}

N(cheap) ={d,/.2,d,/.3,d,/.4,d,/.5}

I\~l(assured) ={d,/.2,d,/.5,d,/.3,d,/.7}]

Now since (L,E) and (N, P) are two different fuzzy soft sets therefore here

(F! A) C")E ((G, B) aE (H !C)) G ((Fl A) CDE (G, B))AE ((F! A) C")E (H ,C))

Hence the distributive property of extended union of FSS w.r.t extended intersection over
the common universe does not hold in this example.

8 Distributive property of restricted union of FSS ( or, IFSS ) w.r.t

restricted intersection over the common universe:

Let (F, A),(G, B),(H,C) are three FSS( or, IFSS ). Then we have to prove,
(F,A) Tk ((G,B) Mg (H,C)) = ((F,A)Tx (G, B)) g (F, A) Ty (H,C)).
Proof:

LH.S.=(F,A) O (G, B) A, (H,C))
= (F,A) s (O, D)[ where D = BAC and VesD,O(e) = G(e) A H (8)],
= (L,E) where E= AnD=ANBANC and

L(e) = F(e) O(G(e) AH (e)),VesANBC.

RH.S.= ((F,A) Iy, (G, B) Ay ((F, A) Oy, (H,C))
=(1,K) g (J,M)[ where K

= AnB,M = ANC, 1 () = F(e) OG(e), VesAn B and J (e) = E(e) O H (e), VesANC]
=(N,P)
whereP=KM =(AnB)"n(ANC)=ANnBNC
and N(e)=1(e) A J(e), VesANBAC
ie., N(e) 2 ” - )
= (F(e) OG(e)) N (F(e) O H(e))

= F(e) O(G(e) A H (), YesA B N C[by the distributive propertyof FS(or IFS )]

Here(L,E) and (N,P) are two FSS ( or IFSS ) which satisfy,
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)EcP and

i) VeeE, E(e) is a fuzzy subset ( or intuitiontionistic fuzzy subset ) of j(e) :
= (L,E)E(N,P) (25)

[ denotes FS( or IFS) subset]

Similarly, we can prove, (N,P)& (L,E) (26)

Combining (25) and (26) we get, (L, E) and (N, P) are two equal FSS ( or IFSS ) over
the common universe. Hence proved.

8.1 Verification of this property by an example (for FSS):

Consider example 7.1. Now consider,
(F.A)Tx ((G.B) A (H.C))
=(F,A) U, (O,D),[ where D=B~C ={ average}
and O(average) ={C,/.5,C,/.7,C,/.1,C,/.3}
= (L, E)[ where E= AnD = An(BC) ={ average}
and L (average) ={C,/.6,C,/.8,C,/.2,C,/.4}]

Next consider,
((F, A) Ok (G, B)) ~y ((F, A) g (H,C))
=(1,K)g (J,M)[ where K = AnB ={ average},
M = AnC ={ average}
I (average) ={C,/.7,C,/.8,C,/.2,C,/.4}
and J (average) ={C,/.6,C,/.8,C,/.2,C,/.4}
= (N, P)[ whereP = K AM ={ average} and
N (average) ={C,/.6,C,/.8,C,/.2,C,/.4}]

Clearly, (I:,E) and (E,M) are fuzzy soft equal. Hence the distributive property of

restricted union of FSS ( or, IFSS ) w.r.t restricted intersection over the common universe is
verified by this example.

8.2  Verification of this property by an example ( for IFSS):

Let U be the set of four dresses, say, U = {d,,d,,d,,d,}. Let A,B,C be three sets of
parameters, given by,

A = { high, cheap }

B = { high, cheap, assured }

C = { high, assured }

Now let (F,A) denotes cost of the dresses,

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., [Js-NMECEEL-MITIE! as well as in Cabell’s Directories of Publishing Opportunities, U.S.A.

International Journal of Physical and Social Sciences
http://www.ijmra.us



May M volume2, 1ssues ISSN: 2249-5894

2012 5

(é, B) denotes quality of the dresses,

(H,C) denotes attractiveness of the dresses,

given by,

F (high) = {d,/(.8,,1),d,/(5,.2),d,/(.2,.4),d,/(.6,.3)}

F (cheap ) = {d,/(.2,.7),d,/(.3,.3),d,/(:4,.3),d,/(.5,.3)}

5 (high) = {d,/(.8,.1),d,/(.3,.6),d./(.4,.3),d,/(.5,.3)}

¢ (cheap) = {d,/(.1,.7),d,/(.4,.3),d,/(.3,.7),d,/(.6,.2)}

G (assured) = {d,/(.9,.1),d,/(5,.3),d,/(.3,.5),d,/(.7,.2)}

H (high) = {d,/(.3,.5),d,/(5,.2),d,/(.7,.2),d,/(.8,.1)}

H (assured ) = {d,/(.2,.6),d,/(.5,.3),d,/(.8,.1),d,/(.8,0)}

Now consider,
(F.A) Uk ((G,B)Ag (H,C))
= (F, A) U (O, D),[ where D =B~C ={ high, assured }
andO(high ) ={d,/(.3,.5),d,/(.3,.6),5,/(:4,.3),5,/(.5,.3)}
O( assured ) ={d,/(.2,.6),d,/(.5,.3),d,/(.3,.5),d,/(.7,.2)}]
= (L, E) whereE = AnD = An(BNC) ={ high}
and L(high) ={d./(.8,.1),d,/(.5,.2),d./(.4,.3),d,/(.6,.3)}

Next consider,
((F.A) Ox (G, B)) A ((F, A) O (H,C))
= (I,K) A (J,M)[ where K = AnB ={ high, cheap },
M = AnC ={ high, assured }
I ( high) ={d,/(:8,.1),d,/(5,.2),d,/(.4,.3),d,/(.6,.3)}
I (cheap) ={d,/(.2,.7),d,/(.4,.3),d,/(.4,.3),d,/(.6,.2)}
andJ (high) = {d,/(.8,.1),d,/(5,.2),d./(.7,.2),d,/(.8,.1)}
J(assured ) ={d,/(.2,.6),d,/(.5,.3),d,/(.8,.1),d,/(.8,0)}]
= (N, P)[ whereP = K nM ={ high}
andN (high) ={d,/(.8,.1),d,/(5,.2),d,/(:4,.3),d,/(.6,.3)}]

Nowsince (L,E) is an intuitionistic fuzzy soft subset of (N, P) and vice-versa, therefore

(L,E) and (N,P) are two equal IFSS.Hence the distributive property of restricted union of IFSS
w.r.t restricted intersection over the common universe is verified by this example.

9 Distributive property of extended intersection w.r.t extended union over

the common universe may not hold for all FSS (or IFSS ):
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Verification of this statement by two examples :
Example 9.1:
Consider the example 7.1: Now consider,

(F.A)Ae (G.B) T (H.C))

=(F,A) (O,D),[ where D = BuC ={ large, averagg huge }

and O( large) ={C,/.4,C,/.8,C,/.9,C,/.5}

5(average) ={C/.7,C,/.8,C,/.2,C,/.4}

O( huge) ={C,/.8,C,/.3,C,/1,C,/.6}

= (I:, E)[ where E= AuD = Au(BuC) ={large, average huge, low}
and I:(Iarge) ={C,/.4,C,/.8,C,/.9,C,/.5}

L(average) ={C,/.6,C,/.8,C,/.2,C,/.4}

L (huge) ={C,/.8,C,/.3,C,/1,C,/.6}

L( low) ={C,/.2,C,/.7,C,/0,C,/.4}]

Next consider,
((F, A) e (G, B)) O ((F, A (H,C))
=(1,K) O (J,M)[ where K = AuB ={ huge, average low, large},
M = AuC ={ huge, average low}

1 (huge) ={C,/.8,C,/.3,C,/1,C,/.6}
I (average) ={C,/.6,C,/.8,C./.2,C,/.4}
I (low) ={C,/.2,C,/.7,C,/0,C,/.4}
I (large) ={C,/.4,C,/.8,C,/.9,C,/.5},

and J ( huge)={C,/.8,C,/.3,C,/1,C,/.6}
J (average ={C,/.6,C,/8,C,/.2,C,/4}
J(low) ={C,/.2,C,/.7,C,/0,C,/.4}]
= (N, P)[ whereP = K UM ={ huge, average low, large }and
N (huge ) ={C,/.8,C,/.3,C,/1,C,/.6}
N (average) ={C,/.6,C,/.8,C,/.2,C,/.4}
N(low)={C//.2,C,/.7,C,I.4}
N (large) ={C,/.4,C,/.8,C,/.9,C,/ .5},

Here it is clear that (L,E) isaFS subsetof (N,P) and viceversa.Therefore (L,E) and

(l\~l, P) are two equal FSS. Hence the distributive property of extended intersection w.r.t extended
union over the the common universe holds for these fuzzy soft sets.
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Example 9.2:
Consider the example 8.2. Now consider,

(F,A) A ((G,B) Uk (H,C))

=(F, A e ((5, D),[ where D = BuC ={ high, cheap, assured }
andO(high ) = {d,/(.8,.1),d,/(5,.2),d,/(.7,.2),d,/(.8,1)}

O(cheap) ={d,/(.1,.7),d,/(.4,.3),d,/(.3,.7),d,/(.6,.2)}

O( assured ) ={d,/(.9,.1),d,/(.5,.3),d,/(:8,.1),d,/(.8,0)}]

= (L, E)[ whereE = AUD = AU(B~C) ={ high, cheap, assured }
and L(high) ={d,/(.8,.1),d,/(.5,.2),d./(.2,.4),d,/(.6,.3)}

L( cheap ) ={d,/(.1,.6),d,/(:4,.3),d,/(.3,.2),d,/(.5,.3)}

L( assured ) ={d,/(.9,.1),d,/(5,.3),d,/(.8,.1),d,/(.8,0)}]

Next consider,
(F, A" (G, B)) e ((F, A) e (H,C))
= (I,K) e (J,M)[ where K = AUB ={ high, cheap, assured },
M = AuC ={ high, cheap, assured }

[ ( high) ={d,/(.8,.1),d,/(.3,.6),d,/(.2,.4),d,/(.5,3)}

I (cheap) ={d,/(.1,.7),d,/(.3,.3),d./(.3,.7),d,/(.5,.3)}
f(assured) ={d,/(.9,.1),d,/(.5,.3),d./(.3,.5),d,/(.7,.2)}
andJ (high) ={d,/(.3,.5),d,/(.5,.2),d,/(.2,.4),d,/(.6,.3)}
J(cheap) ={d,/(.2,.7),d,/(.3,.3),d,/(.4,.3),d,/(.5,.3)}

J(assured) ={d,/(.2,.6),d,/(.5,.3),d,/(.8,.1),d,/(.8,0)}]

= (N, P)[ whereP = K UM ={ high, cheap, assured }
andN (high) ={d,/(.8,.1),d,/(.5,.2),d,/(.2,.4),d,/(.6,.3)}
N (cheap) ={d,/(.2,.7),d,/(.3,.3),d,/(.4,.3),d,/(.5,.3)}

N (assured) ={d,/(.9,.1),d,/(.5,.3),d./(.8,.1),d,/(.8,0)}]

Now since (L,E) and (N,P) are two different intuitionistic fuzzy soft sets therefore here
(F. A A (G, B) U (H,C)) = ((F, A A (G, B)) Uk ((F, A) A (H,C)).

Hence the distributive property of extended intersection w.r.t extended union over the
common universe does not hold for these intuitionistic fuzzy soft sets.

10 Distributive property of restricted intersection of FSS ( or, IFSS ) w.r.t

restricted union over the common universe:
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Let (F,A),(G,B),(H,C) are three FSS(or, IFSS). Then we have to prove,
(F, AP ((G,B)Tr (H,C)) = ((F,A)Ax (G,B)) T ((F, A) ™ (H,C)).
Proof:

LH.S.=(F, A~ (G, B) Ty, (H,C))

= (F, A) A (O, D)[ where D =BAC and VeeD,0(e) = G(e) O H (e)]

=(L,E) where E= AnD=An(B~C) and
L(e) = F(e) ~(G(e) JH (e)),VesANBC.

RH.S.=((F,A) A, (G,B) Iy ((F, A) Ay (H,C))
=(1,K)Ug (3, M)[ where K

= AnB,M = AnC, 1 (e) = F(e) AG(e), YesAn B and J (e) = F(e) A H (e), VecANC]
=(N,P)
where P=K M =(AnB)N(ANC) = An(BNC)[ by the distributive property of crisp sets].
and N(e)=1(e) UJ (e), VesAN(BNC)

ie, N(e) = (F(e) 7 G(e)) O (F () ~H (e))
= F(e) A (G(e) T H(e)), VesAn (BC)

[by the distributive property of FS( or, IFS )].
Here( L, E) and (|\~l, P) are two FSS (or IFSS) which satisfy,

)EcP and

i) VeeE, I:(e) is a fuzzy subset ( or intuitiontionistic fuzzy subset ) of j(e) !
= (L,E) &(N,P) (27)

[ denotes FS( or IFS ) subset].

Similarly, we can prove, (N,P) & (L, E) (28)

Combining (27) and (28) we get, (L, E) and (N, P) are two equal FSS ( or IFSS ) over
the common universe. Hence proved.

10.1 Verification of this property by an example( for FSS):

Consider the example 7.1.
Now consider,

(F, A A (G,B) T (H,C))
= (F, A) ™, (O, D),[ where D = BN C ={ average}
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and O(average) ={C,/.7,C,/.8,C./.2,C,/.4}]
= (L, E)[ where E= AnD = An(BNC) ={ average}
and L (average)={C,/.6,C,/.8,C,/.2,C,/.4}]

Next consider,
((F, A (G, B) Ok ((F, A (H,C))
=(1,K) O (J,M)[ where K = AnB ={ average},
M = AnC ={ huge, average}

I (average) ={C,/.6,C,/.8,C,/.2,C,/.4}

and J( huge) ={C,/.8,C,/.3,C,/1,C,/.6}
j(average) ={C,/.6,C,/.8,C,/.2,C,/.4}]
= (N, P)[ whereP = K~M ={ average}and
N (average) ={C,/.6,C,/.8,C,/.2,C,/.4}]

Now since (L,E) is an fuzzy soft subset of (N, P) and vice-versa,therefore (L,E) and

(N, P) are two equal FSS. Hence the distributive property of restricted intersection of FSS w.r.t
restricted union over the common universe is verified by this example.

10.2 Verification of this property by an example (for IFSS):

Consider the example 8.2. Now consider,
(F,A) A (G,B) U (H,C))
= (F, A) A, (O, D)[ where D = BNC ={ high, assured }
andO(high ) = {d,/(.8,.1),d,/(5,.2),d,/(.7,.2),d,/(.8,1)}
O( assured ) ={d,/(.9,.1),d,/(.5,.3),d,/(.8,.1),d,/(.8,0)}]
= (L, E)[ whereE = AnD = An(BNC) ={ high}
and L(high) ={d,/(.8,.1),d,/(.5,.2),d,/(.2,.4),d,/(.6,.3)}]

Next consider,
((F. A) Ax (G,B)) O ((F, A A (H,C))

= (I,K) Uy (3,M)[ where K = AnB ={ high, cheap },
M = AnC ={ high}

I ( high) ={d,/(:8,.1),d,/(.3,.6),d,/(.2,.4),d,/(5,.3)}

I (cheap) ={d,/(.1,.7),d,/(.3,.3),d,/(.3,.7),d,/(.5,.3)}
andJ (high) = {d,/(.3,.5),d,/(.5,.2),d,/(.2,.4),d,/(.6,.3)}]
= (N, P)[ whereP = K "M ={ high}
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andN (high) = {d,/(.8,.1),d,/(5,.2),d,/(.2,.4),d,/(.6,.3)}]

Now since (L, E) is an intuitionistic fuzzy soft subset of (N, P) and vice-versa,therefore

(L,E) and (N,P) are two equal IFSS. Hence the distributive property of restricted intersection
of IFSS w.r.t restricted union over the common universe is verified by this example.

11 Conclusion:

For handling real life ambiguous situations we need to have methodologies which provide
some form or other flexible information processing capacity. The soft set theory of Maji [ 18 ]
offers the associative and distributive properties ( w.r.t. union and intersection ) of soft sets over
the common universe. As a tentative and partial attempt towards a further development in this
paper we proved the same properties for fuzzy soft sets and intuitionistic fuzzy soft sets with
respect to some new operations and verified these properties by appropriate numerical examples.
These properties may be used in real life problems, like decision making problem, inventory

Control problem, etc.
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